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Introduction: Flipping coins

Arguably the simplest

nontrivial random process is a sequence
Z=1{Z,;;n e}

of independent tosses of a fair coin

---0100110001010000010110011T1 - - -

Process plays a basic role in the theory, practice, interpretation, and
teaching of random processes and information theory

— moreover coin flips provide a building block for modeling more
general processes and the process arises naturally inside optimal
source codes
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Modeling example: stationary coding of coin flips

Zy

g g( n 19ZnaZn+19°°°)

stationary code = time-invariant (or shift-invariant) possibly
nonlinear filter

& Shift input sequence = shift output sequence

Nice property of stationary codes: preserve nice statistical
properties of input: stationarity, ergodicity, mixing, K, B

(will define later)
How general a class of stationary processes has Z at its ©?

Call this class B(1): B = Bernoulli, 1=log, (input alphabet size)

Stationary Codes 4



An example in B(1)

Z,}— Z, |Z,-1|Z,—>| shift register

Lnln-14n—2 Xn

000 0.7683

6 Xn = 8(Zp, Zn-1,Z,-2) 001 -0.4233

| 010 -0.1362
function, table L 0.136:
100 0.4233

101 0.1362

110 -1.3286

111 -0.7683

Output marginal distribution resembles N (0, 1)
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Stationary Codes

Zn+1_’

N

Xp = g(Zna Zn—ly Zn—Q)



Output process has constrained structure, sequences lie on a
directed graph called a trellis (a tree if the shift register has infinite
length)
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Trellis of a stationary code

Nodes denote shift-register states, lines denote transitions or
branches depending on state and input

g(111) g(111) g(111) g(111) g(111)

> > > > >
- - - - -

g(011) g(011) g(011) g(011) g(011)

g(110) g(110) g(110) g(110) g(110)
g(010)

g(101) ‘ g g g
01

2(001)

g(100)

00

g(000) g(000) g(000) g(000) g(000)

If g(z0z122) are all distinct, can recover input sequence from output

sequence. This stationary code is invertible
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Another example: Binary autoregressive process

A linear (mod 2, GF(2)) time-invariant (LTI) filter:

Ly ——— @ - X, = X,-1 © Z,

binary in, binary out — symmetric binary Markov/autoregressive
process

Again invertible with stationary code: Z, = X,, ® X,_;
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Another example: LTI with real arithmetic

More generally, convolutional code with real arithmetic = linear
time-invariant (LTI) filter, e.g.

Ly LTI

100
U, ==Y 2%z ,€[0,1
2; €10, 1]

— binary expansion of real number in unit interval
Discrete input alphabet, continuous output alphabet!
Fair coin flips in, output U,, ~ U([0, 1)),
uniform marginal distributions

Unlike block codes, infinite-length stationary codes make sense!
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Like previous examples, this stationary code is invertible by another
stationary code (again an LTl filter)

2Uy = Uy = ) 2720 - %i 277k = Z,

Coin flips have binary alphabet {0, 1}, but output of stationary code
might have same or larger alphabet Ax such as {1, 2,3,4,5, 6} (to
resemble a fair die), possibly even a continuous alphabet such as
[0, 1] or R if the shift-register has infinite length!
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Detour: block vs. stationary (sliding-block) codes

Quick discussion, aimed primarily at those with minimal information
theory background

Code a process X with alphabet Ay into a process Y with alphabet
AY:

Block coding Map each nonoverlapping block of source symbols
into an index or block of encoded symbols (e.g., bits)

(standard for information theory)

Stationary coding Map overlapping blocks of source symbols into
single encoded symbol (e.g., bit) (standard for ergodic theory)
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Block Coding & : Ay — A7 (or other index set), N = block length
-, X—N,X—Nﬂ, X0, Xo, Xy, ..o, Xvo1, Xn, Xy, .., Xono,

N N

x l & l & 1 &

e e v

., Y—NﬂY_N'*‘l’“‘?Y—l’ Y(),Yl””’YN_l? YN7Y19“"Y2N_1?

Sliding-block Coding N=window length = Ny + N, + 1, f : AY — Ay

T g(n—Nla Xn—N1+17 T Xn7 Xn+17 T Xn+N;7 Xn+N2+17 T
slide window — - | ~- -~

Yn — f( n—Nis - - 9Xn7 s e 9Xn+N2)
Yn+1 — f(Xn—N1+19 c e 9Xn+la c e 9Xn+N2+1)
Both structures induce mappings of sequences into sequences
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Back to coding coin flips

1 O
Z, — .U, == 2%z . ~U(o0,1
LT| : kzz(; « ~ U([0,1]) =

can get arbitrary output marginal distribution via
elementary probability trick:

Given cdf FF on R, e.g., cdf for N(0, 1)

Define F~! (generalized) inverse cdf:
Flw=inf{r: F®) >uy = Y,=F YU, ~F, e.g., Gaussian

Here stationary code = LTI filter + memoryless nonlinearity

Aside: Example of a Hammerstein nonlinear system =

LTI filter + memoryless nonlinearity+ LTI filter
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Have generated a process with Gaussian marginals from coin flips:

LTI Wilth unit pulse response h = {h, =251k =0,1,...)

U,
hk . F—l

Y, = F_I(Z z_k_lzn—k)
k=0

Is Y, Gaussian?
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No. The condtional probability distributions of Y,, given past values
are discrete. Scatter plot of consecutive adjacent samples shows
dependence:

2.5

. +  No Permutation

+ —
+

‘t

15F ¥ o
+F

2L

+ 4

1k -
0.5F -
0k -
-0.5 F -
1Lk i
1.5 F

2L :

Oy +*

_25 Y 1 1
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Fake white Gaussian process
Can tweak again and decorrelate:
1 (00
(Zy) coin flips, U, = Z 2%z &, F = cdf of N(0, 1)
k=0

Add: ¢ : [0,1) — [0, 1) satisfies ¢(u) + ¢(u+1/2) = 1, u € [0, 1)
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N

(

i 2_k_1Zn—k

=0

-

)

L ~ Unif o.1)) )

\

~Unif(o,1)

J

= Gaussian marginals & uncorrelated!

Is {X,,} a Gaussian process?

Stationary Codes
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Stationary Codes

No, can’t be (Why??)

but how close to a Gaussian process can it be??

CLAUDE ELWOOD

SHANNON

Collected Papers

and what has all this
to do with information theory??
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Questions raise issues in information theory and ergodic theory
(especially Shannon and Ornstein):

e Taxonomy of information sources/random processes
e Entropy and entropy rate

e Stationary codes

e Distortion and distance between processes

e Modeling vs. compression (Simulation vs. source coding)

Sketch several familiar and perhaps less familiar relevant ideas at
the border of information theory and ergodic theory, with a common
thread of stationary codes.

Tools and intuition differ from ubiquitous block coding treatments.
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Information sources

Discrete-time information source = discrete-time random process
X = {X,;n € Z} described by a process distribution ux

l.e., Kolmogorov (directly-given) random process
model = distribution ux on sequence space A%

+ suitable sigma-field (event space)

X, € Ax = alphabet: discrete or maybe not
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The Shift

Ergodic theory focuses on the shift transformation on sequence
space:

Shift T : AY — AY: shift sequence left one time unit
TX — T( "o xn—laxna -xn+1a xn+29 Tt )
/
— ( T xna-xn+1a xn+29 xn+39 Tt )
A dynamical system in ergodic theory: [AY, ux, T, Xo]
= process X,(x) = Xo(T"x)
Generalization of random process (T might not be the shift)
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Stationarity

An information source X is stationary (shift-invariant) if
ux(T™'F) = ux(F) all events F

where T-'F ={x: Tx € F)
shifting an event does not change its probability
Ergodic theory language: T is measure preserving

Ergodic theory = theory of measure preserving transformations
(and other related transformations)

l.e., of stationary random processes

and generalizations with similar behavior
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Ergodicity

Information source is ergodic if invariant events 7-'F = F must
have probability O or 1

Emphasis in literature is on stationary/measure preserving and
ergodic, but much remains true more generally

Stationary Codes
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Random Vectors

Random process distribution uy = random vectors
XN — (X(), X19 e 7XN—1) ~ IuXN
consistent family of distributions on Ay

Kolmogorov: ux < consistent family of distributions uy, x .,

Stationary Codes

.....
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IID Sources

X IID & pyn = py = product distribution, 1y, = wux, all n

E.g., fair coin flips, biased coin flips, dice throws, |ID uniform,
[ID Gaussian

lID process most random possible process — no predictability,
no sparse representation
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Bernoulli Processes and Shifts

Beware of the name Bernoulli —

Information theory: Bernoulli process = |ID binary process with
parameter p (coin bias), p = 1/2 for fair coin flips emphasized here

Ergodic theory: Bernoulli shift = |ID process, discrete or
non-discrete alphabet

Warning S.: A minority of the ergodic theory literature uses
“Bernoulli shift” differently:

(1) more narrowly — restricting name to finite alphabets (our
definition becomes “generalized Bernoulli shift”),

(2) more generally — including any process isomorphic to an 11D
process

Stationary Codes 27



Stationary Codes

isomorphic??
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Isomorphism and stationary codes

Two processes X ~ ux and Y ~ uy are isomorphic if there is an
invertible (with probability 1) stationary coding of ux with distribution
equal to uy

Xn f g Yn

Can code from one source into the other in an invertible way, as in
most earlier examples no “information” is lost!
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Isomorphism = process/stationary coding analogue of Shannon
lossless coding

Unlike Shannon, well-defined for non-discrete alphabet sources
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E.g., {W,} Gaussian IID process and (stationary) Gauss
autoregressive process {X,,} are isomorphic, stationary code =

invertible LTI filter!

he =75k >0;0r < 1 gk = Ok — 11

h - Xy = Yoo Wk

Wn — Xn — I’Xn_l

Stationary Codes
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B-processes

Class of stationary codings of coin flips C of the class of stationary
codings of an IID source such as Z, dice, IID Gaussian

Ornstein’s class of B-processes

mow, — . g X,

(aka “Bernoulli processes”)

Where do B-processes fit in taxonomy of random processes?
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A taxonomy of random processes

IID ¢ B ¢ K (Kolmogorov zero-one law) c strongly mixing c weakly
mixing C stationary and ergodic C stationary C block stationary C
asymptotically stationary c asymptotically mean stationary <
sample averages converge

Mixing & ergodicity a form of asymptotic independence:

lim W(T™"F N G) — u(F)u(G) = 0,YF,G : strong mixing

n—oo

n—1
1
lim — Z lu(T™F N G) — u(F)u(G)| = 0,YF,G : weak mixing
n—oo n
k=0
1 n—1
lim = » (u(T™*F N G) - p(Fu(G) = 0,YF,G : ergodic
n—oo N

k=0
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Reminder: Special case of B-processes: positive integer R, B(R) =
{all stationary codings of equiprobable |ID processes with alphabet
of size 28} ¢ B e.g., B(1)

B-processes arguably are the most fundamental for ergodic theory
and there are many equivalent characterizations.

IMHQ they are also basic to information theory
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To sketch these results need two important tools used in both
ergodic theory and information theory:

e Shannon entropy + Kolmogorov generalization (Kolmogorov-Sinai
invariant, extension of Shannon entropy rate to general
alphabets, dynamical systems, flows)

e d-bar distance between random processes (and, implicitly,
Shannon fidelity criterion)
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Entropy: Finite alphabet (Shannon)

Usual information theory treatment

Stationary source X, distribution uy = distributions uy~ for random
vectors XV, If alphabet Ay is finite, also denote pmf by iy~

HXY) = H(ugw) == ) mwv(x")log pyn(x")

H(X)

H(uy) = inf N THXN) = lim NTHXY

e.g., for coin flips N"'H(Z") = H(Z) = 1 bit/symbol
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Entropy: General alphabet (Kolmogorov)

Alphabet discrete, continuous, or mixed:

vector entropy — H(X") = sup H(Q(XN))

9 finite alphabet defn

supremum over all quantizers (finite output alphabet) g of A%

process entropy rate — H(X) = sup H(g(X))

& finite alphabet defn

supremum over all stationary codes g with finite output alphabet

Example: {X,} IID, X, ~ N(0,1), N"'H(X™) = H(X) =
well defined, but infinite!!
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Warning & : Shannon differential entropy for continuous
distributions is something different and lacks many of the important
properties, intuition, and theorems of entropy
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Entropy in Ergodic Theory

Entropy plays a fundamental role in ergodic theory (Shannon’s idea
adopted by Kolmogorov)

Two key results:

Sinai-Ornstein Theorem If ux and uy are stationary and ergodic
random processes and H(uy) > H(uy), then there is a stationary
coding of X with process distribution equal to uy

Ornstein Isomorphism Theorem A necessary condition for two
stationary random processes ux and uy to be isomorphic is that
H(ux) = H(uy) (Kolmogorov, Sinai). The condition is sufficient if
both processes are B-processes.
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The class of B-processes is the most general class known for which
equal entropy rate ensures isomorphism.

There exist K-processes having equal entropy which are not
iIsomorphic (next most general class of stationary and ergodic
Processes)

Isomorphism theorem includes discrete and non-discrete alphabet
processes and extends to continuous-time processes

Two B-processes can be coded into each other invertably iff they
have equal entropy

If two stationary and ergodic processes have equal entropy rate,
then each can be constructed as a stationary coding of the other,
but there will not be an invertible coding unless both processes are
B
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Warning 2

In general,
H(X) < lim N 'HXY),

N—0

Not always equal! (equality if alphabets discrete)
E.g., Xo ~N(Q,1), X, =Xpalln

= HXY)=oc0all N, but H(X) =0
Quantization and limit do not always interchange.

Short-term behavior might be misleading regarding long term
behavior.

Might hope this is an extreme example, e.g., stationary, but not
ergodic — no such luck
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Fake white Gaussian revisited

A stationary coding of fair coin flips in earlier example yielded
stationary, ergodic, uncorrelated process with Gaussian marginals

From definition of entropy rate, H(X) < H(Z) = 1 bit per symbol, so
X can not be a stationary uncorrelated Gaussian process (= 11D
Gaussian process) since |ID Gaussian has H = oo

Note: X, has continuous alphabet, stationary and ergodic, but finite
nonzero entropy rate!

= entropy (rate) distinguishes the fake (less than 1 bit) Gaussian
with the correct spectrum and marginals from the real item
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Process Distance

Such finite entropy rate processes masquerading as infinite entropy
rate processes play a role in Shannon source coding (as will see)

How good a fake of ux (say IID N(O, 1)) is possible using coin flips?

Suppose have a notion of “distance” d(ux, 1y) between random
processes (there are many)

Require at least

o d(ux,ux) = 0, and

o d(ux,py) > 0if pux # py

Might also want triangle inequality (or something similar)
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Given a class of random processes G (e.g., B(R)) & a stationary
and ergodic target source uux to be faked by a uy € G, “best” fake is
closest to target in d sense:

d(ux, puy) > d(ux, G) = inf d(ux, py)

INEY

If uy € B(R), then H(uy) < R, SO

inf  d(uy, uy)
g:er’ 8 —*Yn

d(uy, { B-processes uy : H(uy) < R))

d(uy, {stationary ergodic uy : H(uy) < R})
Se(R)

d(ux, B(R))

IV

IV

are inequalities equalities?
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Suppose that uy approximately achieves d(uy, S.(R)):

H(uy) < R and d(uy, uty) < d(px, So(R)) + €

Then by the Sinai-Ornstein theorem there is a stationary coding of
an |ID equiprobable source of entropy rate H(uy) < R with output
distribution uy, thus uy € B(R).

Thus for all € > 0, d(iix, So(R)) + € > d(ux, y) > d(ux, B(R))

d(ux, BR)) = d(uy,{B-processes uy : H(uy) < R}))
= d(uy, {stationary ergodic uy : H(uy) <R}) (%)

If H(ux) < R, then Sinai-Ornstein = d(uyx, B(R)) = 0!
but what if H(uyx) > R?
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Further questions on best fake

e What is a useful distance measure on random processes for
information theory and ergodic theory?

e Can d(uyx, B(R)) be evaluated for the case where H(uy) > R?

e Can d(uy, B(R)) be achieved? l.e., do optimal codes exist?
IS infimum a minimum?

Already seen the answer is “yes” if H(uyx) < R.
e What are the properties of nearly optimal codes?

e Connections with Shannon rate-distortion/source coding theory?
Lossy source code design?
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Process Distance

1 many of distances/metrics on probability distributions

One family particularly useful for ergodic theory and information
theory: Monge/Kantorovich/transportation/Vassershtein/Ornstein
etc.

First need some notation

Stationary Codes
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Detour: Pair Processes

Pair random process (X, Y) = {X,, Y,,} described by joint process
distribution myy = my, my, marginal distributions

— X~
(X,Y) ~nxy v X

= random vectors (X", Y") with distributions 7y~ yv = 7yw, Tyw,
marginal distributions

- XN <~ on
XN, YN) ~ mn v X
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Example of pair process = input/output of noisy channel, code,
communication system

X, — Vrix

Pair process described by input distribution ux and conditional
distribution vyx (deterministic if code)

Stationary Codes
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Detour: Distortion measures and fidelity criteria

Suppose have two alphabets Ay, Ay.
For simplicity assume Ax, Ay C R

A fidelity criterion is a family of distortion measures dy(x",y") > 0
on (A},A%), N =1,2,...

(as always, assume sets and functions are measurable wrt suitable
sigma-fields)

Assume fidelity criterion additive or single-letter with per-letter
distortion dy = d:

N-1
dy(x",y") = Z d(x;, y;)
i=0
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By far most important examples are Hamming distortion
d(a,b) = 0if a = b and 1 otherwise, and squared error distortion

d(a,b) = (a — b)?

(most everything generalizes to nonnegative powers r of a metric,
with » = 0 indicating the Hamming distance)

Stationary Codes
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Average Distortion

Given pair process ry y + fidelity criterion dy, N = 1,2, ...
Average distortion: Dy(myv yn) = Ey [dN(XN YN )]

1
Limiting average distortion: D(rryy) = lim NDN(TFXN yN)

(if limit exists)

If 7x y stationary, fidelity criterion additive

1
D(ﬂX,Y) — NDN(ﬂXN,YN) — Dl(ﬂXO,Y()) 7TXO Yo [d(X07 YO)]

single-letter characterization
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Transportation (Kantorovich) Distance

For vectors:

: : — XN TyN = UxN
pxn, pyn fixed. Coupling myn yn | TxN yN N TN = lyw
What is best coupling? T (uxn, Uyn) = inf Dy (myn yn)

ﬂXN’YN:/lXN’/lYN

TN yN = HUxN, LyN IS shorthand for myn = uynv and myn = pyn.

= transportation distance

Is transportation “distance” really a distance (metric)?
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Transportation distance for powers of a metric

Suppose have underlying metric m on Ay~ X Ay~ and
dy(x", yN) = m(xN, YN, r 2 0

(If r = 0, consider as Hamming distance)
7, 1s transportation “ distance”

o If r € [0, 1], then 7 (uyn, uy~) is a metric

o If r> 1, then T, (uyn, uyn)''" is a metric

Summarize: For r > 0 gL/ s a metric
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Monge (1781)/Kantorovich (1942), Vasershtein/Wasserstein (1969),
Mallows (1972), “earth mover’s” (1998), Rachev and Ruschendorf
(1998), Villani (2003, 2009). Villani has > 500 references!

Processes: d(ux, tty) = sup N~ T (uxw, tyn)
N

As with transportation distance on random vectors, if
—min(1,1/r) |

d(a,b) = m(a, b)), then d Is a distance on random processes
Ornstein d-bar distance (1970) for average Hamming distance

d, = d-distance based on 75
Metric space alphabets and squared error (1975)

d> = d-distance based on 75
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A few process distance properties

e |f processes uy, iy stationary, then

d_(/lX, ,UY) = inf E?TX,Yd(X()a YO)
TTX,Y = HX MY
where the infimum is over stationary pair processes.

If ux, uy are also ergodic, then infimum can be restricted to
stationary and ergodic pair processes.

e d(uy, 1ty) = amount by which a ux-frequency-typical sequence
must be changed in the time-average d sense in order to confuse
it with a uy-frequency-typical sequence

e Class of finite-alphabet B-processes = class of all mixing
finite-order Markov processes + dy-limits
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e H(u) is continuous in u with respect to dj

e If uy and uy are IID, then d(uy, uy) = T (ux,, iy,)

e |f squared-error distortion, IID processes

E(IanuY) — TZ(IUX()nuY())

1
f | Fyy(u) = Fy, () * du
0

e |f Hamming distance, |ID discrete-alphabet processes,

_ 1
dux. py) = Tolx irg) = 5 ) | Hxo(x) = x()|

xXeA

Stationary Codes
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o If uy, uy 0 mean stationary with power spectral density

Sx(f)= D Rx()e™™™ | Ry(k) = E(X,X,1)

k=—00

then
1/2

d(ux, py) > f VS x(f) = VSy(HIPdf

—1/2
with = if the processes are Gaussian

Stationary Codes
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Part ||

Mutual information, Shannon’s distortion-rate function, source
coding with a fidelity criterion, good fakes and source coding,
optimality properties of stationary codes, trellis encoding IID
sources

Stationary Codes
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Re-enter Shannon — Mutual Information

Pair process (X, Y) = {X,,, Y,,}, process distribution rx y

If alphabets discrete
IXY; YY) = Iyn yv) = HXY) + HYY) = HXY, YN)< H(Y™Y)

In general: IXY; YY) = sup I(gX)"; r(¥))< H(YY)

quantizers ¢

Information rate:

1
— If discrete alphabet I(X;Y) = I(7xy) = lim NI(XN; YM< H(Y)

n—0o0

— In general (Kolmogorov, Dobrushin, Pinsker)
I(X;Y)= sup I(gX);r(Y)<H(Y) = I(X;Y) < H(Y)

quantizers ¢q,r

Stationary Codes 60



Distortion-rate function lower bound

Apply to earlier inequality chain:

d(ux, B(R))

Stationary Codes

IV

d(ux, {B-processes iy : H(uy) < R})
inf E(:UXHUY)

stationary ergodic uy:H(uy)<R

inf inf E,.. .dX,,Y,
py:H(uy)<R | mx y=ux .Uy TX,Y ( 0 ())
inf d(Xo, Y
7TX,Y=>,u1XI}H(nY)<R XY ( 0 ())
inf 7TX Yd(X(), Yo) = Dx(R) (%)

x,y=>ux.I(mryx y)<R

process definition of Shannon distortion-rate function!
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More questions

e Not the traditional Shannon DRF definition. Equivalent?
What about dual/inverse Shannon rate-distortion function?

e Shannon DRF/RDF familiar to information theorists as
characterization of optimal source coding with a fidelity criterion =
Shannon theory of data compression. How relate to current
problem?

e |s the inequality achievable?
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Process vs. traditional Shannon DRF, RDF

Dy(R) = inf E.. .d(Xp, Y,
x(R) nx,y=ux,I(mx y)<R XX (%o, Yo)
Rx(D) = 1nf I(7TX,Y)

X,y =px-Eny yd(Xo,Y0)<D
D(R) = i%fN‘lDN(R) = lim N 'Dn(R)

where Dy(R) = inf NEdyXN, M)

NN =p Ny NH(EN)<R
R(D) = i%fN‘lRN(D) = lim N'Ry(D)

where Ry(D) = inf NI

ﬂN:ﬂNz,uXN,N_ld(ﬂN)SD
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Theorem Given a stationary and ergodic uy, under suitable
technical assumptions D(R) = Dx(R), R(D) = Rx(D)

Ideas behind proof

Dx(R) > D(R): Suppose that r is a process distribution that
(approximately) yields the process DRF, i.e., I(nr) < R and
Dx(R) = D(r)

Then for large N, the induced vector distributions 7 yield
I(n") < NR (almost) and D(n") = ND(r), which with a continuity
argument =

Dx(R) > N"'Dy(R) > D(R)
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D(R) > Dx(R): Choose N large enough so that N"'Dy(R) ~ D(R)
and suppose that ¥ approximately yields Dy(R), that is, I(7") < R
and D(7V) ~ Dy(R)

A stationary (and ergodic) pair process m can be constructed using
7Y in such a way that the information rate is < R + € and the
per-symbol distortion is close to N~'Dy(R), which again with
continuity arguments = N~ 'Dy(R) > Dx(R) = D(R) > Dx(R)

The construction of the process distribution from the block
distributions involves using the conditional block distributions most
of the time in a conditionally independent manner, but occasionally
Inserting some random spacing between blocks, which
“stationarizes” the pair process
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Advantage of traditional definitions

Ry(D) is a convex optimization problem.

d tools for analytical optimization of Ry(D) (Gallager, Csiszar) and
numerical optimization (Blahut, Rose)

Shannon and other lower bounds, sometimes hold with equality
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Useful fact: Given a stationary and ergodic source uy, the
Infimumum in the process DRF

DX(R) — inf ET(X,Yd(XOa YO)

nx, y=ux,I(mx y)<R

Is the same whether taken over all stationary and ergodic
processes or over all stationary processes

This greatly simplifies proof of block coding theorem for sources
with memory,

which brings us at last to Shannon source coding, the Shannon
theory of data compression — the information theoretic approach to
continuous or high entropy rate sources into relatively low entropy
rate sources while minimizing distortion.

The classic work is Shannon’s 59 paper
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Source Coding

Given source X, fidelity criterion:

bits -
source encoder decoder repro;jzuctlon
n

f UnEAU 8

X, —

7+, induced distribution of (X, X)
Average distortion D, (f.8) = D(ns,) = Ey f’gd(XO, Yo)
Optimize: For a given class of codes C what is best possible code

erformance? Oxv(R) = inf D :
P x(R) L S ux(f5 8)

Operational DRF
Shannon and most everybody since considers block codes

Emphasis here is stationary codes — compare the 2 structures
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Block vs. Sliding-block

Block coding

e Far more known about design: e.g., transform codes, vector
quantization, optimality properties, clustering =

e Does not preserve key properties (stationarity, ergodicity, mixing,
0-1 law, B) IC2

In general output neither stationary nor ergodic (it is N-stationary
and can have a periodic structure, not necessarily N-ergodic).

Can “stationarize” with uniform random start, but retains possible
periodicities. Not equivalent to stationary coding of input.

e Not defined for infinite block length, no limiting codes as
blocklength grows. Iz
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Stationary coding

e preserves key properties of input process: stationarity, ergodicity,
mixing, B, 0-1 law [ &

e well-defined for N = co. Infinite codes can be approximated by
finite codes. Sequence of finite codes can converge =

e models many communication and signal processing techinques:
time-invariant convolutional codes, predictive quantization,
A-modulation, XA-modulation, nonlinear and linear time-invariant
filtering, wavelet coefficient evaluation by LTI filters

e used to prove key results in ergodic theory (Ornstein
iIsomorphism theorem, Sinai-Ornstein theorem)

There are constructions in ergodic theory and information theory to
get stationary codes from block codes & vice-versa
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Source Coding Theorem

X stationary and ergodic, additive (or subadditive) fidelity criterion
with reverence letter, i.e., 4 a* € Ay for which E[d(X,, a")] < oo, then
for block codes and for stationary codes

Ox(R) = Dx(R)

Positive coding theorem is hard — Block coding theorem uses
traditional Shannon random coding argument

Stationary coding uses positive block coding theorem to get good
blocks, embed in sliding-block code structure using
“stationarization” — code long sequences of blocks with occasional
spacing based on past source information

No shortcuts using stationary codes
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Converse coding theorem is simple for stationary codes

Similar to Shannon DRF lower bound for d(uy, B(R))

e Cascade of stationary encoder and decoder is a stationary code

e Channel process between encoder and decoder is a 2%-ary
alphabet process with entropy < R =

ov(R) = inf D ,
xR = o S 8)
> inf D(ryy)= inf  d(ux,
mx,y=ux.H(uy)<R ( X’Y)\ uy:H(uy)<R (1x ,Ltyz
~d(ux.B(R)) from (%)
= inf D(nxy) = Dx(R)

nx, y=ux.I(nx y)<R

Stationary Codes
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In particular, B
0x(R) =z d(ux, B(R)) = Dx(R)

So positive coding theorem =

ox(R) = d(ux, BR) = inf d(ux, py) = Dx(R)

d(ux, B(R)) “sandwiched” between equal quantities

= Shannon DRF solves E(ux, B(R)) evaluation problem and
provides geometric interpretation of source coding

e |s there an intuition behind this?

Yes — can use a good stationary fake of a process X to design a
good source code for X
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Fakes and good source codes

Suppose have good finite length stationary code g of coinflips, i.e.,
yields B-process Y, with d(ux, uy) = Dx(R)

= possible reproduction sequences can be depicted on a trellis
diagram:
Increasing time «—

Z)— Z, |Z,-1|Z,—»| shift register length L=3

K / state

function, table Y, = 8(Zn.Zp—1,Zn_2)
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g11)  g(1l)  g(1l)  g(1l)  g(111)

g(011)
g(110)
10
g(010)
g(101) g g g g
01
g(001) g(001) g(001)

g(100) g(100) g(100) g(100) g(100)

00 > > > > 2 )
g(000) g(000) g(000) g(000) g(000)

Given a long input sequence, an encoder can find minimum
distortion path through trellis using the Viterbi algorithm (dynamic
programming search of minimum distortion path through a
directed graph)
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Trellis encoder

source bits reproduction
X - 8 X =gU)
U= f(X)
11 o800 8UID  0I) _g(lD) g1 JeIh) g(lD) g1 gD (D)
201D\ /201N O11)\ /2O11)\ /2O1D)\ 201D\ 201D\ 2011\ 2011\ /(O11)
g(110),X g(110),X g(110) g<110> g<110> g(11[ g<110> 2(110),X g(110),X g(110)
19 ‘ ‘ ‘ ‘ ‘ '
2(010) ©(010) ©(010) (010) 010) 010) 010) (010) ©(010)
g(101) ‘ 01) ‘ 01) ‘ 01) ,,: 01) /¢ 19 01) ; 01) ‘ 01) ‘ 01) <)
01 °
2(001) N g(001) M g(001) M g(001) M (001) M g(00j1) g(om) g(om) 2(001) N g(001)
2(100)/ “x(100)/ “x(100)/ “x(100)/ “x(100)/ “x(100)/ “x(100)/ x(100)/ “x(100)/ “x(100)
00 ¢ 500, 2000~ 2000) " 2000 " 2000) T £000) " ® 2000) " 5000) " 2(000) " 2000) "
— timen
77
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It f=Viterbi algorithm encoder (or sliding-block approximation), then

D, (f,g) ~ d(ux, B(R)) = Dx(R)

Most natural use is as a hybrid code — block Viterbi algorithm
matched to stationary source decoder = nearly optimal simulator,
but can stationarize encoder to match theory

Underlying theory assumes R < H(uyx) = not enough bits to get
D,.(f,g) = 0 and isomorphism.

Source coding can be viewed as a “sloppy” isomorphism — do not
have invertible code, doomed to distortion > Dx(R) if encoding into
R bits per symbol

Good news is can do nearly this well!

but will see can not actually achieve Dx(R)
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How find a good source decoder/rate-constrained simulator g?

Look at properties of good codes
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Shannon Optimal Reproduction Distribution

e For any random vector X”, Shannon RDF is an information
theoretic (convex) optimization

e For lID source, Rx(D) = Rx,(D) = infimum of I(;r) over joint
distributions 7 on R? with input marginal ux and d(x) < R. If
optimizing & exists, resulting uy, is a Shannon optimal
reproduction distribution

For |ID source, = N-dimensional Shannon optimal reproduction
distribution = uy~ = uy , product distribution

For 1ID source, optimal process distribution is 11D with marginal
distribution uy,, the distribution yielding the Shannon RDF

Stationary Codes
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e Csiszar (1974): For random vectors X (abbreviate X")

o There exists a distribution 7 achieving finite-order R(D) (under
more general conditions than those considered here)

o If a sequence of joint distributions 7, n = 1,2, ... with
marginals uy and ,ug;’) satisfy

(™)
lim E_o[d(X, Y™)]

n—oo

IX,Y"Y<Rn=1,2,...
Dx(R)

then 1|’ has a subsequence that converges to a Shannon

optimal reproduction distribution weakly and in squared error
transportation distance.

o |f the Shannon optimal distribution is unique (e.g., it is
Gaussian) , then u{” converges to it.
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Finding a Shannon optimal reproduction distribution

e For squared-error: Shannon optimal reproduction alphabet is
finite unless Shannon lower bound holds with equality, e.g.,
Gaussian [Fix (1977), Rose (1994)]

e Shannon optimal reproduction distribution for Gaussian N(0, 1),
squared-error = another Gaussian N(0,0.75) (R = 1, SLB holds)

e Rose’s algorithm: mapping approach = alternative to Blahut
algorithm, gives better results for continuous alphabets when
SLB does not hold

e Shannon optimal reproduction distribution for Uniform (0, 1),

R =1, is a discrete distribution with alphabet size 3, pmt:
y 0.2 0.5 0.8

py(y) | 0.368 | 0.264 | 0.368
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Asymptotically Optimal Codes

e Codes f,,g,, n=1,2,... are asymptotically optimal (a.o.) if

Source coding: lim D, (f,. 1) = 0x(R) = Dx(R)

Simulation/fake process: lim d(ux, iz (z) = d(ux, B(R))

e An optimal code (f, g) (if it exists) is trivially asymptotically optimal
—set (f,, 2,) = (f,2) all n. If (f, g) optimal, then necessarily

Source coding: D, (f,g) = 6x(R) = Dx(R) Simulation:

d(ux, Hzz)) = d(ux, B(R))

Focus on source coding, similar properties for fake process problem
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A design approach

e Code design idea: Find necessary conditions for a.o. codes, use
as guidelines for code design. Has much in common with historical
methods for block codes such as Lloyd clustering

Detour: Review Lloyd optimality conditions for block source codes
(vector quantizers). Here fix blocklength N. “Optimum” here means
equals operational DRF for blocklength V.

Note: This block code optimality stuff will NOT be covered if | am running behind.
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Lioyd Optimality Conditions for Block Codes

Steinhaus (1956) for squared error, vectors, Lloyd (1957) for
random variables, general distortion (easily generalized to vectors)

Rediscovered many times, e.g., k-means (1967), principal points
(1990), alternating optimization (2002)

Abbreviate notation by dropping the superscript N: X is the N-D
random vector and & and 9 denote a blocklength N encoder and
decoder, respectively.

Lloyd Quantizer Optimality Properties An optimal quantizer must
satisfy the following two conditions
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Optimum encoder for a given decoder Given a decoder with
reproduction codebook C = {%;;i = 1,2,...,2"%}, the optimal
encoder satisfies

E(x) = argmin p(x, X;).

i€l
minimum distortion encoder is optimal

Optimum decoder for a given encoder Given an encoder &, the
optimal decoder is the generalized centroid

D) = argmin E[d(X,y) | X € {x: Ex) = i}]
yeA

centroid decoder is optimal

Application to an empirical distribution (a training or learning set)
yields an iterative codebook improvement algorithm, an early
clustering/learning algorithm! Lloyd algorithm
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Back to stationary codes, where “optimal” means close to the
Shannon DRF —

Stationary Codes
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Necessary condition 1: Process Approximation

e f.,,2,,n=1,2, ... asymptotically optimal sequence of stationary
source codes of a stationary ergodic source {X,,}

e U™: encoder output/decoder input process with alphabet of size
2K for integer rate R,

e X™: the resulting reproduction processes.

Then

lim c_l'(,uX,,uj((n)) = Dx(R)

n—0oo

lim H(X™) lim H{U"™) =R

n—oo n—oo

lim dy(U"™,Z) = 0

n—o0

If R = 1, encoded process U™ — fair coin flips!
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Necessary condition 2: Moment Conditions

Resemble block code moment conditions, €/ = X" — X,

lim EX") = E(Xo)
_ COV(Xp, X;")
Iim = 1
n— 00 0-2
X(”)
lim E (e(")) =0
lim E (E(n)X(”)) =0
lim 0'2( , = Dx(R)

n—oo
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Necessary Condition 3: Marginal distribution
Shannon condition for IID processes

If X is lID, then

e A subsequence of the marginal distribution of the reproduction
process, ,uX(n> converges weakly and in squared error

transportatlon distance to a Shannon optimal reproduction
distribution.

e |f the Shannon optimal reproduction distribution is unique, then
U converges to it.
0

e If a code is optimal, then ug = Shannon optimal distribution
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Necessary Condition 4: Finite-dimensional
distributions Shannon condition

If X is lID,

e then a subsequence of the N-dimensional reproduction
distribution y 4w~ converges weakly and in 7 to the N-fold
product of a Shannon optimal marginal distribution

e |f the one-dimensional Shannon optimal distribution is unique,
then uzmw converges weakly and in 73 to its N-fold Shannon
optimal product distribution

e If a code (f, g) is optimal, then ue~ = the N-fold product of a
Shannon optimal marginal distribution

Stationary Codes
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If code optimal, then Condition 4 = X is also IID with the Shannon
optimal marginal reproduction marginal. This yields a contradiction
since HX) <R < H(Y) =

optimal codes do not exist for the 11D Gaussian source with
squared-error !!

Stationary Codes
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Asymptotically Uncorrelated Condition

Covariance function of X®: Ky (k) = COV(X\™, X\") V integer k.

Given: |ID process X with distribution uy, f., g, an a.o. sequence of
stationary source encoder/decoder pairs with common alphabet of
size 28 For all k # 0,

lim Kgyw(k) =0

n—0oo

and hence the reproduction processes are asymptotically
uncorrelated.
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Do optimal codes exist?

Already seen answer is no for Gaussian |ID, R = 1

On the other hand, suppose (f, g) is an optimal source code for a
source uy where uy is a B-process with H(X) <R =1. Then 4
iInvertible stationary mapping into an |ID binary process = code has
zero distortion and entropy rate of binary channel process and
reproduction process of H(X) < 1.

If ux is an |ID process and oo > H(X) = H(Xy) > R = 1, then from
the optimality properties an optimal code must have penv = myy = 71];0
for all V.

Linder has shown using Csiszar’s results that still H(Yy) > 1 = H(Xy)
# and hence no optimal code exists, as in the Gaussian IID case
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There is a discontinuity between the 0 distortion result (Ornstein
isomorphism theorem) and the nonzero distortion result (Shannon

rate-distortion theorem) — optimal stationary codes exist for the
former if the source is B, but not for the latter if the source is 11D

You can get as close as you like to Dx(R), but you can never
achieve it for source coding or faking
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A Code Design Algorithm

Recall question: How find a good simulator/decoder g?

One approach: Find g which at least satisfies necessary conditions
for approximate optimality. (provably or numerically)

Consider a sliding-block code g; of length L of an equiprobable
binary IID process Z which produces an output process X defined
by
Xy = 81(ZwZn 1> s Zo 1)
binary L-tuple

In the trellis setting, (Z,,_1,--- ,Z,_1+1) IS the state, Z, is the next
input bit.
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Suppose that the ideal distribution for X, is given by a CDF Fy, of
the Shannon optimal marginal reproduction distribution.

Given binary L-tuple u® = (ug, uy, ..., ur—1),
define L-1 |
b(ul) = Z w27+ 27 e (0, 1). (1)
i=0
Let

Xn — g(Zna Zn—la "t aZn—L+1) — F;()l(b(zn, Zn—la T aZn—L+1))~

As L — oo, b(Z,,Z,_1, - ,Z,_1+1) COnverges weakly to uniform on
(0,1), and
g1Z.,. 2,1, ,Z,_1+1) converges weakly to the (1D) Shannon

optimal marginal distribution.
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Works for both continuous and discrete Shannon optimal marginal
distribution.

g satisfies the 1D moment conditions and the 1D Shannon marginal
distribution condition.

Problem: Only matches Shannon marginal distribution, successive
outputs on the trellis are highly correlated (reminder plot on next
page), poor fake of |ID process
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Random permutation

A possible solution: Randomly generate a permutation on binary
L-tuples: P : {0, 1}F — {0, 1}* then set

g(u") = Fy (b(Pu"))

Permutation is then fixed for all time and used repeatedly.

Now

g(ZI’h Zn—la Tt >Zn—L+1) — F;()l(b(y) (Zl’la Zn—la Tty Zn—L+1)))
Simulation coder/source decoder becomes
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— length L —
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Coupled with Viterbi algorithm yields a source code.
Driven by fair coin flips yields white Gaussian fake
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12 T T T T 12 T T T T
—— CDF of 1-D Shannon optimal distribution CDF of 1-D Shannon optimal distribution
— — — CDF of 1-D empirical distribution produced by the trellis code, L=4 — — — CDF of 1-D empirical distribution produced by the trellis code, L=8
1r | = =—— b 1r
0.8 0.8
0.6 0.6
04 0.4}
0.2f 0.2
0 | | | O | | | |
-3 -2 0 1 2 3 -3 -2 1 0 1 2 3

CbF of the 1-D empirical reproductii)n distributions

Empirically: Spectrum = flat, H(reproduction process) =
H(binary sequence) ~ 1 = close to fair coin flips in d, (using
Marton’s inequality (1996) relating d, to limiting relative
entropy/Kullback-Leibler rate)

Performance in source coding/compression:
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Numeric Results: IID Gaussian

Rate(bits) | MSE SNR(dB)
RP_8 1 0.2989 5.24
RP_9 1 0.2913 5.36
RP_10 1 0.2835 5.47
RP_12 1 0.2740 5.62
RP_16 1 0.2638 5.79
RP_20 1 0.2582 5.88
RP_24 1 0.2557 5.92
RP_28 1 0.2542 5.95
Dx(R) 1 0.25 6.02
TCQ9 1 0.3105 5.08
TCQ(opt)_9 1 0.2780 5.56
Pearlman_10 1 0.292 5.35
Stewart_10 1 0.293 5.33
Linde/Gray_9 1 0.31 5.09
LC_10 1 0.2698 5.69
LC(opt)-10 1 0.2673 5.73
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1 bit fake Gaussian

1 1
Gaussian [ID source
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Numeric Results: Uniform [0, 1)

Rate(bits) | MSE SNR(dB)
RP_8 1 0.0203 6.13
RP_9 1 0.0195 6.30
RP_10 1 0.0190 6.42
RP_12 1 0.0184 6.55
RP_16 1 0.0179 6.69
RP_20 1 0.0176 6.75
RP_24 1 0.0175 6.78
RP_28 1 0.0174 6.79
Dx(R) 1 0.0173 6.84
TCQ9 1 0.0194 6.33
TCQ(opt)_9 1 0.0183 6.58
LC_10 1 0.0191 6.40
LC(opt)_10 1 0.0179 6.67
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Stationary Codes

1 bit fake Uniform

Uniform 11D source
P I Lloyd-Max quantizer
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More general sources?

Finite-order distribution convergence proofs exist only for 1D
sources. Conjecture more generally the convergence is to the
corresponding finite-order distribution of the Shannon optimal
reproduction process distribution from process definition of the DRF.

Mao (2011) used this idea to design a trellis encoding system for a
Gauss Markov source X,, = 0.9X,,_; + W,,, where W, is [ID N(O, 1).

Fake Gauss Markov designed by using a fake Gauss IID to drive an
autoregressive filter chosen so the output reproduction process had
a covariance close to that of the Shannon optimal reproduction
process.

Stationary Codes 108



Stationary Codes
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Rate—distortion function for Xn = 0.9 * Xn-1 + Zn
R=1/2 log(1/D)

_ *  Random Permutation Trellis Coder, L=20 -
x  Stewart
+ Gray/Linde VQ
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Random Closing Observations

e The 1 bit per symbol fake Gaussian passes the
Kolmogorov-Smirnov Goodness-of-Fit (with significance level
a = 0.05) for marginals and the conditional distributions for past
of length < 4 as being Gauss IID.

e Weissman and Ordentlich (2005) developed results in the spirit of
the asymptotically optimal reproduction distributions for block
codes by considering empirical reproduction distributions for |ID
sources and sources satisfying the Shannon lower bound.

e Can use Lloyd centroid property to fine-tune a trellis encoder to a
training set. Helps a little when the shift-register length is short,
but improvement is negligible otherwise.
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e Many of the fundamental underlying results remain very hard to
prove, e.g., Ornstein wrote a book proving his general
isomorphism theorem. Ornstein theory is harder than Shannon
theory because one needs to construct a sequence of codes that
get better and converges.

e Mismatch The d-distance yields several mismatch results of the
following form: Suppose that you design a nearly optimal source
code for a source X, but you then you apply the code to another
source Y. Then the resulting difference in performance is bound
above by d(ux, 1y), Similarly, both operational and Shannon
DRFs are continuous with respect to d.
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